Higher-order Constitutive Relationship for Microtubules Based on the Higher-order Cauchy-Born Rule  by Sun, Yuzhou et al.
Procedia Engineering 31 (2012) 973 – 978
1877-7058 © 2011 Published by Elsevier Ltd.
doi:10.1016/j.proeng.2012.01.1129
Available online at www.sciencedirect.com
 
International Conference on Advances in Computational Modeling and Simulation 
Higher-order Constitutive Relationship for Microtubules Based 
on the Higher-order Cauchy-Born Rule 
Yuzhou Suna*, Chunli Zhanga, K.M. Liewb 
aSchool of Civil Engineering and Architecture, Zhongyuan University of Technology, Zhengzhou 450007, China 
bDepartment of Building and Construction,City University of Hong Kong, Tat Chee Avenue, Kowloon, Hong Kong, China 
 
abstract 
This paper presents a higher-order constitutive model for microtubules that is established based on the higher-order 
Cauchy-Born rule. A microtubule is viewed as being formed by rolling up its planar encounter into the tubular shape. 
The representative cell is chosen as an unit of two pairs of  tubulin momoners, and the distance vector is calculated 
using the higher-order Caucgy-Born rule. With the appropriate longitudinal and lateral interactive potentials, the strain 
HQHUJ\GHQVLW\LVFDOFXODWHGE\GHYLGLQJWKHFHOO¶VHQHUJ\E\LWVVSDFLDOYROXPH,n the theoretical scheme of the higher-
order congtinuum theory, the elastic property of microtubule is calculated. 
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1. Introduction 
Microtubules are biologically the most important cellular organelles in eukaryotes, and many complex 
cellular activities, such as growth, motility, mitosis and meiosis, depend strongly on functions of 
microtubules [1]. So, it is very significant to investigate the precise physical and mechnical propertis of 
microtubules. Multiple experimental techniques, such as ical trapping technique [2] and lateral indentation 
experiments [3], have been used to characterize the mechanical properties of microtubules. But, the 
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microtubules are so small that experiments can only provide us a rude understanding about their property. 
Besides the experimental effort, theoretical effort, which mainly includes atomic simulations and 
continuum analysis, also plays an important role in this domain. However, a microtubule contains so many 
atoms that the current atomistic study can be extended only to several proteins, and the pure atomic 
modling for the total microtubules is impossible. In a different way, some continuum models, such as the 
isotropic shell model [4] and viscoelastic modeling [5], have been proposed to achieve the global modeling 
of the microtubules. But, most of continuum models are phenomenological and don¶t display any 
microscape atomic structural information of microtubules, and they are hard to precisely display the 
constitutive reponse of  microtubules. 
A different method to construct the continuum model is to employed the Cauchy-Born rule to bridge the 
microscale change and continuum description. An extended Cauchy-Born rule has been used to develop the 
reasonable continnum model for carbon nanotubes [6,7]. Although microtubules have more complex 
structure than carbon nanotubes, their structure is periodic in the molecular level. An important object of 
the present study is to establish a multiscale model for microtubles to study their elastic property. Since any 
molecule in microtubules contains too many atoms, a vital stage is to adopt the approriate longitudial and 
circular interactive potentials for the lattice structure in establishing the continuum model. This paper 
employs follows the works of  Jiang et al. [8] and Liew et al. [9], and the Į/ȕ tubulin monomers and 
GTP/GDP molecules are treated as rigid balls. A simple energy format is used to describe the interactions 
between the longitudial and circular monomers. The elastic property is studied based on the deveoped 
higher-order constitutive model. 
2. Longitudinal and lateral interactions between monomers  
A microtubule can be viewed as a long, hollow and cylindrical tube, on the surface of which several 
protofilaments are aligned in parallel (Fig. 1), and each protofilament consists of many bonded Į and ȕ 
tubulin monomers (Fig. 1b). Each Įor ȕmonomer has a binding site for one guanosine triphosphate (GTP) 
or guanosine diphosphate (GDP) molecule, i.e., two monomers are connected by a GTP (or GDP) molecule 
through noncovalent bonds. The lateral interaction is from Į or ȕ tubulin and its lateral neighbour. Due to 
the periodic micrstructure of a microtubule,bthe representative cell can be chosen as an unit that contains 
four tublins as shown in Fig. 1b. It is noted that a longitudinal shift 13/3a  (a is the ditance between the 
centers of two connected Į or ȕ tubulins along a protofilament) is between the two adjacent protofilaments 
for 13_3 microtubule. The energy in a representative cell can be calculated as the sum of two longitudinal 
noncovalent bonds between Į and ȕ tubulins and two pairs of lateral noncovalent bonds, and  the strain 
HQHUJ\ GHQVLW\ LV GHILQHG DV WKH HQHUJ\ SHU XQLW YROXPH WKDW LV HTXDO WR WKH UHSUHVHQWDWLYH FHOO¶V HQHUJ\







                                (a)                                              (b) 
Fig.1  (a) A 13_3 microtubule is a hollow, cylindrical tube formed from 13 protofilaments aligned in parallel (from Ref. 9)˗(b) The 
chosen representive cell. 
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To estimate the longitudinal interations between Į/ȕ tubulins and GDP molecule within a protofilament, 
Jiang et al. [9] modeled tubulin as a grid ball with a diamter 4.8 nm and a GDP molecule as a rigid ball with 
a diameter of 0.55 nm which are connected with the non-linear springs. Į/ȕ tubulins are composed of 
carbon (C), hydrogen (H), nitrogen (N), oxygen (O), and sulfur (S), and a GDP molecule is composed of 
carbon (C), hydrogen (H), nitrogen (N), oxygen (O), and phosphorus (P). Through setting the volume 
densities for each type of atoms in tublins and GDP molecule, the strength of non-linear springs can be 
calculated  by suming  the van der Waals interactions between all atoms which are in tublin and GDP 
molucule. Jiang et al. [9] adopted the Lennard±Jones 6±12 potential for the van der Waals interaction, and 
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where h is the distance between the centers of the tublin and GDP molecule. A=2.43 × 10í6 kcal/mol nm6, 
and B=0.016 kcal/mol. 
We describe the contribution of the lateral interaction between two Į /ȕ tubulins with an equation that 
grasps the basic features of a chemical bond and a typical protein-protein interaction [10] 
 
)/exp()( 0
2 rDv [[[  , U[  r ,                                                                                         (2) 
 
where r is the distance between the centers of two adjacent lateral Į and ȕ tubulins; ro is a parameter that 
characterizes the distance at which this bond exerts a maximum attractive force (here,  ro is chosen 0.12 
nm); U  is a parameter that defines r at the potential energy minimum; [  characterizes the deviation from 
the equilibrium configuration; and D is a parameter that characterizes the stiffness of lateral bonds. 
3. Higher-order Constitutive Relationship  
The present research treats a microtubule as a higher-order continuum hollow and cylindrical tube, and 
employs the higher-order Cauchy-Born rule to establish the higher-order constitutive model. The Cauchy-
Born rule is a fundamental kinematic assumption to link the microscale deformation of an infinitesimal 
vector  to that of a continuum deformation field. The higher-order Cauchy-Born rule  considers the effect of 
both the first- and second-order deformation gradients, and approxiamates a apacial vector R in the 
reference configuration as [6,7] 
R)(R:G(X)
2
1RF(X)r x| .                                                                                            (3) 










w KJi ,   3,2,1 i , 2,1,  KJ ,                                                   (4) 
and x(X)x   ( ),( 21 XX X  and ),,( 321 xxx x ) denotes a deformation map from the planar sheet 
to the curved surface (Fig. 2). 
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An undeformed microtubule can be viewed as having been formed by rolling up its planar counterpart into 
a cylindrical shape (Fig. 2). To evaluate the constitutive response, we assumes a representative cell at the 
evaluated position (Fig. 2), and the change of each vector in the cell is approximated using Eq. (3). The 
energy density w is calculated as the sum of Eq. (1) and (2), and it is a function of the deformation gradients 
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Fig. 2  An undeformed microtubule is viewed as being formed by rolling up its planar encounter into a cylindrical shape, and the 
change of a representative cell is also shown. 
Table 1  The elastic constants obtained by the present multiscale method. 
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4. The Application of Higher-order Model  
Based on the above higher-order model, we can carry out the further study in scheme of the higher-order 
continuum. For example, we can implement the numerical simulation for the total microtubule by virtue of 
an appropriate numerical technique. However, we present a study only for the estimate of its elatic modulus 
in this paper. In our study, the parameter U  in Eq. (2) is chosen as 9.828 nm. Refer to Refs. [10], the 
parameter D in Eq. (2) is chosen as 31065.8 u  kcal/mol nm5. Moreover, it is noted that a longitudinal 
shift 13/3a G  (a is the ditance between the centers of two connected Į or ȕ tubulins along a 
protofilament) should be enforcemented in the total calculation (Fig. 2). 









MME  .                                                                                                      (6) 
The circular Young¶s modulus, Possion¶s ratio shear modulus can also be evaluated using the method 
presented in Refs [6,7]. The obtained elastic constants are shown in Table 1, and they are close to the result 
in literatures [4,5] except that the Possion¶s ratio is smaller. 
5. Summary  
(1) This study presents a multiscale constitutive model for microtubles that is derived with the higher-
order Cauchy-Born rule. The Cauchy-Born rule is a fundamental kinematic assumption to link the 
microscale deformation of an infinitesimal vector  to that of a continuum deformation field, and is very 
useful in constructing the constitutive model. The classical  Cauchy-Born rule can be enhanced with the 
second-order deformation gradient that is proved to be very significant in extending the constitutive relation 
to the higher-order continuum theory. 
(2) The established constitutive model can be used to study the mechanical property of microtubules in 
the theory scheme of higher-order gradient continuum. An investigation is carried out for the elastic 
constants of 13_3 microtuble. The obtained Young¶s moduli and shear modulus are close to the literature 
results, which proves the efficiency of the present constitutive relationship. 
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